We study the thermal conductivity of the disordered two-dimensional electron gas. To this end we analyze the heat density-heat density correlation function concentrating on the scattering processes induced by the Coulomb interaction in the sub-temperature energy range. These scattering processes are at the origin of logarithmic corrections violating the Wiedemann-Franz law. Special care is devoted to the definition of the heat density in the presence of the long-range Coulomb interaction. To clarify the structure of the correlation function, we present details of a perturbative calculation. While the conservation of energy strongly constrains the general form of the heat density-heat density correlation function, the balance of various terms turns out to be rather different from that for the correlation functions of other conserved quantities such as the density-density or spin density-spin density correlation function.
I. INTRODUCTION
While experimentally thermal transport is controlled by boundary conditions, for the theoretical description it is more convenient to study the response to a gradient of temperature. A principle difficulty for the description of thermal transport is that a temperature gradient does not correspond to an external "mechanical" force like the one originating from an electric potential. To bypass this problem, time-dependent "gravitational potentials" can be introduced [1] [2] [3] [4] [5] as source fields in the microscopic action. The heat density-heat density correlation function can be found by a variation of the action with respect to these source fields. Knowledge of the correlation function allows to determine the thermal conductivity. [4] [5] [6] An unpleasant difference of the gravitational potentials with respect to, for example, electromagnetic potentials, is that the gravitational potentials couple to all terms constituting the Hamiltonian density. This includes, in particular, the interaction part. Furthermore, in the presence of impurities, the gravitational potentials also couple to the disorder part of the Hamiltonian. In Ref. 6 , the latter problem has been overcome by a special diagrammatic procedure. Recently, we showed how the use of the gravitational potentials can be merged with the NLσM formalism, and performed a renormalization group (RG) analysis for the thermal conductivity of a disordered Fermi liquid system with short-range interaction potentials. 4, 5 The RG procedure covers the interval of energies with the elastic scattering rate 1/τ as the upper cutoff and the temperature T as the lower one (T 1/τ ). Combined measurements of thermal and electric conductivites are often employed in order to assess the applicability of the quasiparticle description. [7] [8] [9] [10] [11] [12] [13] [14] The analysis of Refs. 4,5 revealed that for the two-dimensional disordered system with short range interactions the Wiedemann-Franz law 15 (WFL) holds even in the presence of quantum corrections caused by the interplay of diffusion modes and the electron-electron interaction. Generally speaking, the WFL should not be considered as a strict law outside the realm of single-particle physics. This is already evident from the very fact that the potential used for calculating the electric conductivity couples to the particle density only, while the gravitational potential probes the entire Hamiltonian density. Still, the RG analysis shows that at least for the leading logarithmic corrections in a two-dimensional system with short range interactions, the WFL is obeyed.
In this paper, we present a perturbative analysis of logarithmic corrections to the heat-density heat-density correlation function in a two-dimensional electron gas, i.e., in a system with long-range Coulomb interaction. Since the effects of the Coulomb interaction in the RG-interval of energies have already been studied in perturbation theory 6 and are very similar to the case of the shortrange interaction, 4, 5 we will focus our attention on the sub-temperature energy range, which is beyond the scope of the RG analysis. The main difference between the RGinterval and sub-temperature energy range is that, while the transitions described by the standard RG procedure are virtual, the sub-thermal range deals with the on-shell scattering. For the analysis of the logarithmic corrections to electric conductivity, the sub-thermal processes can usually be neglected. Thermal conductivity constitutes an important exception. Here, the scattering processes induced by the long-range Coulomb interaction yield logarithmic corrections which, in principle, may compete with the RG-corrections. The corrections caused by the on-shell scattering, in contrast to those of the RG origin, violate the WFL. In this manuscript, we identify the rel-evant diagrams and find the correction to the WFL. We show how the terms violating the WFL become compatible with the general form of the heat density-heat density correlation function. We thereby demonstrate the consistency of our results with the general scheme for the calculation of a correlation function of the density of a conserved quantity, which in our case is the energy.
Our study differs from previous related work 3, 6, [16] [17] [18] [19] [20] [21] in several respects. The heat-density heat-density correlation function was studied before in Ref. 6 . However, logarithmic corrections originating from the sub-temperature regime were not taken into account in this work. Other studies of thermal conductivity available in the literature can be divided into Kubo-type linear response calculations based on the heat-current heat-current correlation function 17, 19 and kinetic equation approaches. 3, 16, 20, 21 Our final result for the thermal conductivity of the system with Coulomb interaction coincides with the one stated in Refs. 3, [18] [19] [20] . While the mentioned works arrived at the same final result, they did not agree on the definition of the heat density and of the associated heat current, a question of principle importance for the calculation of the thermal conductivity. We will devote special attention to this point. The paper is organized as follows. In Sec. II we state general properties of the heat-density heat-density correlation function as well as its relation to the quantity of our interest, the thermal conductivity. We also introduce gravitational potentials as source fields in the action. In Sec. III we define the heat density for the electron system with Coulomb interaction and present the NLσM in the presence of the gravitational potentials. This model will serve as a starting point for the calculation of the heatdensity heat-density correlation function. The Coulomb problem has a peculiar feature: While we are interested in heat transport in a two-dimensional electron system, the natural definition of a local conservation law connecting heat density and heat current requires a threedimensional setting. The reason is that a part of the energy of the system is stored in the electromagnetic field, and this field is not restricted to the two-dimensional plane. In order to define transport of heat in two dimensions, we devise a specific projection procedure. Special care has to be taken already on the level of the definition of the three-dimensional conservation law. The principle of gauge invariance plays a pivotal role in unambiguously identifying the heat density and heat current. In the present context, this aspect was stressed in Appendix B of Ref. 20 . We illuminate this point further in Appendix A, where we stress the connection with the field theoretic construction of the Belinfante energymomentum tensor. 22, 23 In Sec. IV we collect basic formulas required for the calculation of the dynamical part of the heat-density heat-density correlation function. Further on, in Sec. V we discuss the structure of the static and dynamic parts of the heat-density heat-density correlation function. Special attention is devoted to the consistency with the constraint imposed by the energy conservation law. Finally, in Sec. VI we introduce the diagrammatic representation and present the general analysis of logarithmic corrections for the heat density-heat density correlation function. In particular, we clarify how corrections from the sub-temperature interval of energies (caused by on-shell scattering processes) enter the heat density correlation function and modify the thermal conductivity. The full list of logarithmic contributions of various kind is given in Appendix C. Throughout Secs. IV-VI as well as in Appendix C, we systematically compare the heat density-heat density correlation function with the well-studied example of the density-density correlation function in order to stress differences and similarities.
II. GENERALITIES: THERMAL CONDUCTIVITY AND THE HEAT-DENSITY CORRELATION FUNCTION
In this work, we use the Keldysh technique [24] [25] [26] [27] , which allows us to calculate the correlation function directly in real time. The action is defined on the Keldysh timecontour C consisting of forward (+) and backward (−) branches. We start our considerations with the action
which contains the heat density k explicitly. The heat density is defined as k = h − µn, where h and n are the hamiltonian density and particle density and µ is the chemical potential. Further, ψ = (ψ ↑ , ψ ↓ ), ψ † = (ψ * ↑ , ψ * ↓ ) are Grassmann fields with two spin components.
We wish to calculate the retarded heat density correlation function χ kk (x 1 , x 2 ) = −iθ(t 1 − t 2 ) [k(x 1 ),k(x 2 )] T , where x = (r, t),k =ĥ − µn is the heat density operator and the angular brackets denote thermal averaging. The definition of the heat density operator reflects the fact that we study the propagation of heat under the condition when mechanical work (e.g. the radiation of acoustic waves) can be neglected. For the calculation we define the classical (cl) and quantum components (q) of the heat density symmetrized over the two branches of the Keldysh contour, 27 and write the retarded correlation function as χ kk (
, where the averaging is with respect to the action S k .
In order to generate the heat density correlation functions, we add the source term
to the action. Then, one can find χ kk as
where
is the partition function and ψ and ψ † generalize the definition of ψ and ψ † to the Keldysh space. The so-called gravitational potentials η 1 and η 2 in S η allow us to formulate a linear response theory for the heat transport. To find the thermal conductivity, it remains to establish a connection between the response to the gravitational potential and the response to a temperature variation δT . As argued by Luttinger 1 (see also Refs. 2), the responses to δT and T η may be identified. Namely, when considering the response to the gravitational potential, which substitutes the temperature gradient, one should replace η(q, ω) → δT (q, ω)/T . For the purpose of finding the thermal conductivity from the dynamical heat density-heat density correlation function, it is important that the limit q → 0 should be taken before ω → 0. The heat current j k (q, ω) may be found as a response to the gravitation potential η(q, ω) and, furthermore, the static thermal conductivity κ will be defined as the real part of the coefficient relating the heat current and −∇T using the discussed relation between η and δT . Eventually, the thermal conductivity κ has to be extracted from the disorder-averaged heat densityheat density correlation function. As usual, translational invariance results from the averaging over disorder:
. Now, one may introduce the Fourier transform of the correlation function, and obtain κ as follows
The calculation of the thermal conductivity in this paper will be based on this formula. The correlation function χ kk obeys the following two important relations
Eq. (5) reflects the conservation laws of energy and particle number, while Eq. (6) relates the static part of the correlation function to the specific heat c µ per unit volume at constant chemical potential.
III. HEAT DENSITY AND COULOMB INTERACTION IN THE EXTENDED NLσM
The definition of the heat density and the associated heat current for the electron gas has been at the center of a controversial discussion in recent works on thermal transport. Since this question is of fundamental importance for the calculation of the thermal conductivity, we will devote special attention to it. In view of the relation k = h − µn, and since the expressions for the particle density and the particle current are well-known, the mentioned discussion focuses around the definition of the energy (or hamiltonian) density and the energy current. At first sight, the answer seems straightforward, as one can construct the energy-momentum tensor (EMT) for the system of interacting electrons in a canonical way. Knowledge of the EMT allows to read off the continuity equation relating the energy density and energy current. Two problems arise in this context:
1) The continuity equation obtained from the EMT relates a three-dimensional energy density to a threedimensional energy current, while the problem of thermal transport for the two-dimensional electron gas requires knowledge of two-dimensional densities and currents.
2) The canonical EMT is not gauge invariant.
The first point will be addressed in this section, where we suggest a simple procedure to project the threedimensional quantities onto the plane. The second point, the problem of gauge-invariance, will be addressed in Appendix A, where we remind the reader of the field-theoretical construction of the so-called Belinfante EMT, 22, 23 which results in a gauge-invariant expressions for the energy density and current. We would like to remark in this context that these expressions have already been obtained in Ref. 20 , appendix B without making a connection with the Belinfante tensor.
A. Projection of the electric field onto the charge carrying plane
Before discussing the derivation of the extended NLσM with gravitational potentials, we would like to describe the main elements of the projection procedure separately. To this end, we will employ the following notation for spatial vectors: r = (x, y)
T is a 2d vector, r = (x, y, z) T is a 3d vector, and r • = (x, y, 0)
T denotes r embedded into the 3d space. We will assume that the 2d electron gas (2DEG) is located in the xy-plane, while the z-direction is perpendicular to this plane. We will also use the notation x = (r, t) for a combination of the 2d vector and time; for example, the two-dimensional number density is n(x) = ψ † x ψ x . The three dimensional hamiltonian density consists of a non-interacting and an interacting part h = h 0 + h int . The transition to the two-dimensional density is straightforward for h 0 . We focus our attention on the interaction part. In the Coulomb gauge, it is given as (see formula (A17) of Appendix A)
where E (r, t) = −∇ϕ(r, t) and
Here, n(r, t) = n(r, t)δ(z), and n denotes the 2d density of electrons confined to the 2d plane. Clearly, the field E is non-zero outside of the 2DEG. In order to obtain a two-dimensional energy density, we integrate in the perpendicular coordinate z as
It is instructive to transform the interaction term
Using the Poisson equation −∇ 2 ϕ(r, t) = 4πen(r, t)δ(z), this decomposition allows us to write
As a consequence of this integration in z, Eq. (9), ∇ 2 appears in the second term instead of the original ∇ 2 . It is clear now that interaction part of the Hamiltonian is recovered from h int by an integration over the 2d plane.
where V 0 (r) = e 2 /|r| is the familiar Coulomb interaction term.
Returning to Eq. (11), we note that the first term can (loosely) be interpreted as a projection of the electric field onto the charge it originates from. The second term is a correction, for which the point of observation does not coincide with the position of the charge. Later, it will be shown that the second term on the right hand side of Eq. (11) does not contribute to the correlation function in the long wavelength limit due to the presence of ∇ 2 . The crucial point here is that the interaction potential V 0 becomes screened due to the conducting plane. For the screened potential, unlike for the bare V 0 , one can neglect the second term in Eq. (11) in the limit of small gradients.
B. Fermionic action with gravitational potentials
In this section, we prepare the derivation of the NLσM by introducing the gravitational potential into the action and further by decoupling the interaction term. Let us recall that according to the discussion in the previous section the full expression for the two-dimensional hamiltonian density is h = h 0 + h int , where h int is given in Eqs. (7) and (9) and h 0 describes propagation of particles in the presence of disorder
In order to write the action in the presence of the gravitational potentials in a compact form, it is convenient to define a matrixη acting in the space of fields
Then, the action S defined on the Keldysh contour can be written as
Here, and in the following, we write t = ∞ −∞ dt and x = r,t . Summation over the spin degrees of freedom is implicit. The third Pauli matrixσ 3 acts in the space of forward and backward fields. From now on, all matrices acting in the Keldysh space will indicated by a hat. Besides, we wrote E = (E + , E − )
T , where
Since our strategy is to project the entire problem onto the conducting plane, it will be assumed that η = η (x) does not depend on z. Note that as a result, η 2 (x) couples to the two-dimensional heat density. The hamiltonian part of this 2d heat density corresponds to the one introduced in Eqs. (9) and (13) .
Next, the Keldysh rotation can be performed. 27, 28 To this end, we introduce new fermionic fields
With the help of the two matricesγ 1 =σ 0 ,γ 2 =σ 1 in Keldysh space, one may form the matrix of gravitational potentialsη = k=1,2 η kγk . The action after this rotation reads
The last term in Eq. (18) contains four fermionic fields. We introduce two real Hubbard-Stratonovich fields θ 1,2 , forming the matrixθ = k=1,2 θ kγk to decouple this term. Note that in the case of the Fermi liquid, in order to decouple all interaction terms, four HubbardStratonovich matrix fieldsθ l have to be introduced, where the index l = 0 − 3 denotes the density and spin density interaction channels. For the Coulomb problem, without account of Fermi liquid-type interactions, only the singlet channel, l = 0, is involved. For this reason, no index l will be used here. After these transformations, the partition function
can be written with the use of action
Here,V η fulfils the generalized Poisson equation
A useful relation can be obtained for the electron interactionV η in the action S in Eq. (20)
For the sake of simplicity, we used a matrix notation for the spatial coordinates here. As one can see, the above expression reproduces the interaction term given in (11) . Note that the expression above is not an approximation; there are no higher order terms in η. Naturally,
, making contact with the theory of the two-dimensional electron liquid in the absence of the gravitational potential. Since η 2 (x) couples to the heat density, the action given in (20) taken together with the relation (23) reflects the form of the hamiltonian density stated by Eqs. (13) and (11) .
C. The extended non-linear sigma model
In this paper, we concentrate on peculiarities of thermal transport related to the Coulomb interaction. A compact description of our approach to the analysis of heat transport in a disordered Fermi liquid with shortrange interactions can be found in Ref. 4 , while a detailed discussion of the NLσM extended by the gravitational potentials was presented in Ref. 5 .
As it has been explained in the Introduction, we are interested in small energies and long distances. For distances exceeding the mean free path, the physics is described by slow diffusion modes (i.e., modes describing density relaxation in the presence of disorder) rather than single-particle excitations. Therefore, the fermionic fields ψ and ψ † have to be integrated out. Furthermore, averaging over disorder realizations can be performed assuming that disorder is weak in the sense that ε F τ 1, where ε F is the Fermi energy and τ the transport scattering time. Then, the entire physics of the diffusion modes (the socalled diffusons) can be encoded in the fluctuations of a matrixQ t,t (r) with respect to its saddle point position Q 0 (r, t, t ) =Λ t−t , wherê
and F ε = tanh (ε/2T ) is the fermionic equilibrium distribution function. Here and elsewhere below, 2 × 2 matrices denoted by the hat symbol act in Keldysh space, with the rotationL being already performed. The manifold of low-lying gapless excitations is described by rotationŝ
whereÛ =Û t,t (r), and (Û •Û ) t,t = δ(t − t ). The •-symbol denotes a convolution in time.
It will be convenient to release the disorder term u dis in the action S from the explicit dependence on the gravitational potentials. To this purpose, the transformation ("λ-transformation")
of the fermionic fields was implemented in Refs. 4,5. For details of the λ-transformation, we refer to these papers. As a result of the λ-transformation,η appears through Starting from the fermionic action displayed in Eq. (20) , one may apply the λ-transformation and subsequently follow the traditional route to derive the NLσM suitable for description of disordered electrons interacting via the Coulomb interaction. When written in terms of deviations of the matrix field Q from its saddle point, δQ =Q −Λ, the model looks as follows
Here, the tr-symbol includes a trace in Keldysh space, an integration over frequencies (when the matrix Q is written in frequency space), and a summation over spin degrees of freedom; the symbol Tr includes, in addition, an integration over coordinates. The first two terms in Eq. (27) describe diffusion in the absence of the electronelectron interaction; D is the diffusion coefficient; ν 0 is the single particle density of states per spin direction. The electron-electron interaction acts only in the singlet channel (no Pauli matrices acting in the spin space are present) as it should be for the Coulomb interaction. The term in the last line describes the contributions to the static part of the heat-density heat-density correlation function originating from fermionic degrees of freedom (i.e., without participation of the diffusion modes); c 0 = 2π 2 ν 0 T /3 is the specific heat of electrons. We suppressed an additional term that is linear in η 2 and required only for the calculation of the heat density itself.
The Coulomb interaction entering the action S is statically screened,V 
. (28) Since V s 0 is not singular anymore, one can neglect inV s η the second term on the right hand side in the limit of small gradients. Thus, owing to screening, the point of observation coincides with the position of the charges when finding the heat density correlation function of a system of conducting electrons confined within a 2d plane. (In the case of the bare, i.e., unscreened, Coulomb interaction one cannot neglect the second term inV η even in the limit of small gradients.) As a consequence, all subsequent considerations involve the effective twodimensional Coulomb interaction with V s 0 = 2πe 2 /(|q| + κ s ), where κ s = 4πe 2 ν 0 is the inverse screening radius.
IV. DYNAMICAL PARTS OF THE CORRELATION FUNCTIONS -GENERAL FORMULAS A. Dynamical part of the heat density correlation function
Here, we focus on the dynamical part of the correlation function χ dyn kk , for which the corresponding diagrams are reducible with respect to cutting a single diffuson. The starting point for all subsequent calculations will be the Keldysh NLσM action in the presence of the gravitational potentials, Eq. (27) . Only the Q-dependent part of the action (27) is relevant for the calculation (the last term in S can be abandoned). In addition, we may restrict ourselves to terms of linear order inη in the action. This allows us, in particular, to use the linear approximation for the interactionV (31) and (32), respectively. The density vertex arising in connection with the calculation of the density-density correlation function will be drawn in the same way as the frequency vertex.
order inη, the Q-dependent part of the action reads
We decompose
with two types of source terms in the action. The first one is already present in the noninteracting theory
The other source term is specific for the interacting problem
As will become clear below, the existence of this vertex is of crucial importance for the internal consistency of the theory, in particular with respect to the conservation of energy.
The two source terms of Eq. (31) and Eq. (32) give rise to two vertices in the diagrammatic representation, which we will refer to as the frequency vertex and the interaction vertex, respectively. They are displayed in Fig. 1 . One can further distinguish between vertices originating from a differentiation with respect to η 2 and η 1 . For the sake of definiteness, we will draw the vertices related to η 2 on the left hand side and those related to η 1 on the right hand side of a diagram.
Correspondingly, for finding the dynamical part, we need to calculate
where ε ij = (ε i + ε j )/2, together with the term
and the analogous term χ dyn V ε (x 1 , x 2 ). We introduced the notation ε = dε 2π . The index r in these formulas indicates that only those contributions should be selected that are reducible with respect to a single diffuson. Averaging . . . is with respect to the action S η=0 . A term with two interaction vertices exists, χ V V , but is not written because it does not contribute to the dynamical part of the correlation function in the one-loop approximation, but only to the static part.
B. The dynamical part of the density-density correlation function
It is instructive to compare the calculation of the heat density-heat density correlation function to that of the density-density correlation function in the same formalism. This correlation function can generated from the source term
in analogy to Eq. (3). From this formula, one obtains the expression
In contrast to the heat transport, only a single vertex exists, the density vertex. For this vertex, we will use the same graphical representation as for the frequency vertex, i.e., the one displayed in the left part of Fig. 1 . For the dynamical part of the density-density correlation function rescattering on the short-range part of the electron-electron interaction is allowed, while for the heat density correlation function this is impossible. In spite of these differences, within the RG-interval of energies the WFL holds; see Refs. 4-6. This indicates that there are non-trivial but robust connections between the interaction vertices and the interaction amplitudes that are fulfilled for the Fermi liquid and remain valid even during the course of the RG transformations.
C. Perturbation theory and dynamical screening
In the calculation of the correlation functions, an expansion ofQ in deviations from the metallic saddle point σ 3 is needed. For the sake of definiteness, we choose the exponential parametrizationÛ = exp(−P /2) with {σ 3 ,P } = 0, so thatQ =σ 3 exp(P ). Fortunately, an expansion to low orders in the generatorP is sufficient for our calculation. As an example, the diagrammatic representation of the frequency vertex in the sigma model is illustrated in Fig. 2 (a) ; the interaction vertex is represented analogously. When the expansion ofQ inP is implemented in S η=0 , this gives among other terms rise to the quadratic action S 0 of the noninteracting theory
The action S 0 describes the propagation of diffusion modes, so-called "diffusons" [see Fig. 2 
Note that D is the retarded diffuson, the advanced diffuson will be denoted as D and is related to the retarded diffusion as D q,ω = D q,−ω . In the perturbative calculations involving diffusion modes, S 0 given by Eq. (37) serves as a starting action. The necessary contractions for the Gaussian averaging can be performed with the help of the contraction rules that we formulate in Appendix B.
A distinctive feature of the sigma model for interacting systems is that upon expansion of S η=0 in deviations from the saddle point the interaction potential contributes to the quadratic form in the P -modes. This allows one to incorporate Fermi liquid effects into the propagation of diffusion modes in an automatic way. These effects can be interpreted as rescattering of diffusons by the electronelectron interaction, or alternatively as a modification of the interaction amplitudes by diffusons. An example of such a processes is presented in Fig. 3 , which represents the dynamic part of the polarization operator. [A discussion of the diffuson propagator modified by the electron interactions in the Keldysh formalism can be found in Sec. III B of Ref. 29.] In the present context it is more convenient to delegate the output of the resummation to the interaction itself. As a result, the dynamically screened Coulomb interaction should be used instead of the statically screened V s 0 .
In the Keldysh formalism, the dynamically screened interaction acquires a non-trivial matrix structure in Keldysh space:
In this formula, V 0 (k) = 2πe 2 /|k| is the effective two-dimensional Coulomb interaction and
is the retarded polarization operator. The advanced and Keldysh components ofV are defined as V
, where B ν = coth(ν/2T ) is the bosonic distribution function.
V. STRUCTURE OF THE CORRELATION FUNCTIONS
Before turning to the calculation based on the specific formalism used in this paper, it is instructive to discuss the general structure of the heat density-heat density correlation function χ kk (q, ω). In particular, we are interested in the constraint given by Eq. (5), which is a consequence of the fact that χ kk (q, ω) describes the propagation of the heat density under the condition when the entropy is a conserved quantity.
We are interested in the singular behavior of χ kk (q, ω) which depends on the order of taking the limits q → 0 and ω → 0. We will assume in this section that all intermediate integrations have already been performed, and, correspondingly, all corrections arising from the RG-interval and sub-temperature energy range have been absorbed into the constants which determine the correlation function. In other words, we will discuss the "ultimate" stage when everything that does not depend singularly on q and ω can be substituted by a constant. The remaining singular behavior originates from the diffusion propagation of electron-hole pairs, which for free electrons is described by the propagator
In the presence of the electron interaction, this propagator has to be modified as will be described below. In order to allow for a direct comparison with the density-density correlation function, χ kk will be structured in the same way as χ nn . [A discussion of the density-density correlation function can be found in Refs. [29] [30] [31] [32] [33] . The heat density-heat density correlation function has been analyzed in Ref. 6 . However, the scattering processes, which are the center of our interest here, have not been considered so far for χ kk .] In both cases, the correlation function can be split into static and dynamical parts. As we have already mentioned in Sec. II, see Eqs. (5) and (6), the static parts are related to the corresponding thermodynamic quantities: the compressibility in the case of χ nn , and specific heat in the case of χ kk . The dynamical parts should cancel the static ones in¯
The structure of the dynamical part of the densitydensity correlation function in accordance with Eq. (43).
the limit q = 0, ω → 0, which is the way the conservation laws for particle number and energy manifest themselves.
Our goal is to demonstrate how this works for χ kk . We start, however, with χ nn for which this procedure is well established.
The density-density correlation function
The density-density correlation function can be split into a static and a dynamical part
where the static part is defined as χ st nn = χ nn (q → 0, ω = 0). Quite generally, the static and dynamical part can be further decomposed as follows
Let us discuss the parameters appearing in the above expressions. As is well known, the static part of the correlation function is related to the compressibility χ st nn = −∂n/∂µ. Therefore,
The structure of the dynamical part of the correlation function is displayed in Fig. 3 . The vertex corrections for the two scalar vertices are denoted byγ ρ ;Γ ρ is the short range part of the singlet interaction amplitude. This means, in particular, that the long-range part of the Coulomb interaction is not included in χ nn . The diffusion propagator modified by the electron interaction, the diffuson D ξ , is defined as
It incorporates the frequency renormalization z, introduced in Ref. 30 , and the wave-function renormalization ξ 2 . Using the relation χ nn (q = 0, ω → 0) = 0, a direct consequence of particle number conservation, one deduces the following condition
where 
The wave-function renormalization appears explicitly only in the diagrammatic approach. In the σ-model approach to the problem, 29, 30 
from which one deduces σ = 2ν 0 e 2 D. Let us now turn to a specific model in which only the long-range part of the Coulomb interaction is accounted for. [Screening will be included, while the short-range Fermi liquid amplitudes both in the singlet and in the triplet channel are ignored. By contrast, the short-range amplitudes generated by the interplay of the Coulomb interaction and disorder have to be included.] It means that in the absence of the Fermi-liquid corrections, at the initial scale of the RG-integration, i.e., at 1/τ , one has γ
From the previous analysis, [30] [31] [32] [33] it is well understood that the compressibility χ st nn = −∂n/∂µ does not acquire quantum corrections. In the explicit calculations presented below, we will take the relation γ ρ • = 1 for the static part for granted, and only analyze the dynamical part of the correlation function. The goal will be to identify the corrections δξ 2 , δD, δz, δΓ ρ , δγ ρ in the expression
In particular, we need to check the relation δz 1 = 0, which implies
The first equality follows directly from the definition of z 1 , while the second equality is a consequence of the fact that initiallyΓ ρ = 0 and ξ 2 = 1. A second constraint reads
This constraint follows from Eq. (46) (a consequence of particle number conservation) under the condition that δz 1 = δγ ρ • = 0. Clearly, a full diagrammatic analysis of χ nn for the disordered electron liquid requires further steps. Details can be found, for example, in Ref. 31 .
The heat density-heat density correlation function
In this section, we will discuss the structure of the heat density-heat density correlation function. The discussion will be organized in the same way as for the densitydensity correlation function.
The correlation function can be split into static and dynamical parts. The static part is defined as χ st kk = χ kk (q → 0, ω = 0), and we write
The static and dynamical parts take the following structure
where the propagator
depends on the constantsz andξ 2 andD which have to be found during the process of calculation. The relation between these quantities and z, ξ 2 and D introduced for the density-density correlation function will be clarified later. Further,γ z is a correction to the frequency vertex. The static part of the correlation function, as follows from Eq. (6), is determined by the specific heat c of the electronic system, which is known to acquire quantum corrections within the renormalization group interval of energies. In Eq. (53), these corrections are absorbed into the quantity
The structure of the dynamical part of the heat density-heat density correlation function is displayed in Fig. 4 . Its main difference from χ dyn nn is that for χ dyn kk ladder diagrams with the interaction amplitudesΓ ρ as shown in Fig. 3 are not relevant. Therefore, the singularity of this correlation function is determined by the denominator of the diffuson propagatorD ξ without insertions describing rescattering; compare Fig. 4 to Fig. 3 . The reason underlying this observation can be understood easily. An insertion of the static amplitudeΓ ρ decouples the frequency integrations on the left and right hand side of the diagram. As a consequence, a frequency integral of the type ε ε(F ε+ω/2 −F ε−ω/2 ) = 0 arises from the vertex related to the classical component of the gravitational potential, and diagrams withΓ ρ -insertion do not contribute to χ dyn kk . It is important to note, however, that this simple observation does not imply the absence of vertical diagrams in general, as will be discussed in detail in the next section.
Energy conservation imposes a constraint on the correlation function χ kk , which is encoded in the relation χ kk (q = 0, ω → 0) = 0, compare Eq. 5. This, in turn, imposes the following constraint on the parameters entering the static and dynamical correlation functions
As has been discussed in Refs. 34, the quantity z which describes renormalization of the frequency term in action S, and in this way enters the propagator of diffusons, is directly related to the specific heat, c = zc 0 , so that γ z • = z. Using this information as an input, Eq. (57) can be also written as zz = (γ z ) 2 , where we defined γ z =ξγ z . Within the renormalization group interval of energies, this relation degenerates to z =z = γ z . Adding the static and the dynamical parts, one then finds
At the scale 1/τ , the initial values for the various parameters of the theory are γ 
To check consistency of the sum of dynamical and static parts of χ kk (q, ω) with the conservation laws, one should make certain, in view of Eq. (57), that the relation δξ 2 + 2δγ z − δz = δz indeed holds. In the next section, the analysis of the logarithmic corrections to χ kk as well as χ nn is presented. In particular, in the following sections, Sec. VI A and Sec. VI B, the structure of the different terms is discussed together with their diagrammatic representation, while in Sec. VI C logarithmic corrections arising from the RG and subtemperature intervals are described in detail. In Appendix C a comprehensive list of different contribution is given. 
VI. DYNAMICAL CORRELATION FUNCTIONS -DIAGRAMMATIC ANALYSIS AND LOGARITHMIC CORRECTIONS
In this Section, we present an analysis of the dynamical part of the heat density-heat density correlation function χ dyn kk in the diffusive limit. The analysis will be based on the NLσM action derived in Sec. III, Eq. (27) . To highlight similarities and differences, we contrast the calculation of χ dyn kk with that of χ dyn nn within the same formalism. In order to prepare the discussion of the interaction corrections, we first summarize the results for the non-interacting case.
A. The non-interacting part of the correlation function
In the absence of interactions, only the frequencyfrequency correlation function χ dyn εε contributes to χ dyn kk ,
The corresponding diagram is displayed in Fig. 5 . With the help of the contraction rules (B2) or (B3) on finds
Here, we introduced the window function
The appearance of the window function is characteristic for the dynamical part of the correlation function. For T → 0, it allows frequencies ε to lie in the interval (ε − ω/2, ε + ω/2); at finite temperature this range broadens. Still, upon integration in ε, the function ∆ ε,ω gives rise to the factor of ω. Returning to the calculation of χ dyn εε,0 , after expansion in ω and with the help of the relation
where we remind that c 0 = 2π 2 ν 0 T /3 is the specific heat in the absence of quantum corrections.
In complete analogy, one can calculate the dynamical part of the density-density correlation function in the non-interacting limit,
Using the relation π ε ∆ ε,ω = ω, one finds
The diagrammatic representation for χ dyn nn,0 coincides with the one for χ dyn εε,0 , compare Fig. 5 . This is the origin of the WFL in the case of non-interacting electrons.
B. Interaction corrections: Diagrams
We now turn to the explicit calculation of quantum corrections to the correlation functions originating from the combined effect of the long-ranged Coulomb interaction and disorder. The calculation is performed using an expansion in deviations δQ from the saddle point, and applying subsequently the contraction rules formulated in Appendix B. Diagrams are presented only for illustration. A detailed account of the calculation is presented in Appendix C. Here, we will highlight the most important diagrams and summarize the results. For comparison, we present the information for χ kk in parallel with χ nn .
We will group the relevant diagrams for the calculation of the correlations functions into five classes. When we draw the diagrams, we leave out additional partner diagrams that can be obtained by simple symmetrization of those already displayed.
Horizontal diagrams: These diagrams contain a
horizontal interaction line and give rise to corrections to the diffusion propagator. Vertex corrections with horizontal interaction lines will be considered separately. The horizontal diagrams are displayed in Fig. 6 . The corresponding corrections will be labeled as χ (regular) vertex corrections are displayed in Fig. 9 , (regular) vertex corrections of the drag type in Fig. 10 . The regular vertex corrections will be referred to as χ dyn kk,4 and χ dyn nn,4 . 5. Anomalous vertex corrections: The anomalous vertex corrections result from the interaction vertex generated by S ηV . Obviously, they only arise in the calculation of the heat density-heat density correlation function. Fig. 11 shows the diagrams for anomalous vertex corrections with a single interaction line. They will be labeled as χ dyn kk,5 . Fig. 12 shows the diagrams for vertex corrections of the drag type, i.e., with two interaction lines. These corrections will be labeled as χ dyn kk,6 .
C. Analysis of logarithmic corrections
In this Section we will compare logarithmic corrections to the diffusion coefficient and the frequency renormalization arising in the heat density-heat density correlation function with those in the density-density correlation function. The logarithmic corrections can be classified according to the most important frequency and momentum regions in the integrals:
For (i)-a terms the frequency ν transferred by the electron interaction is larger than the electron frequency |ε| as well as temperature. The frequency integrations are controlled by the combination F ε+ν − F ε−ν . The transferred frequency and momentum cover the whole RGinterval. Electron-hole pairs excited via the interaction are virtual and contributions from the sub-thermal region are insignificant.
For (i)-b terms the frequency transfer is limited by the combination ∂ ν (F ε+ν −F ε−ν ). In this case, the frequency transfer is insignificant but the momentum integration covers the whole RG-interval. These terms describe the modification of the interaction amplitudes by disorder.
Finally, there appear new contributions, (ii) terms, which are determined by the combination F ε+ν + F ε−ν . In this case, the transferred frequency is limited either by temperature or by |ε|. Furthermore, the electron interaction enters the integrals via its imaginary part, ImV pendix C. They are well known from the previous RG studies of the the disordered electron liquid. In contrast to electric transport, the contributions (ii) are specific for thermal transport; they are important in the case of the Coulomb interaction when ImV R k,ν is singular. For a given frequency ν, most important momenta fulfill the inequality |ν|/(Dκ s ) < k < |ν|/D. In this interval, one can approximate the dynamically screened interaction as
Eventually, the bare 1/Dk 2 singularity gives rise to logarithmic corrections. These logarithmic integrals will be denoted as I h i , see Sec. VI C 3 and Appendix C. The index h emphasizes their importance for heat transport.
Note that the interval |ν|/(Dκ s ) < k < |ν|/D is also responsible for the double-logarithmic dependence of the tunneling density of states as well as other spurious corrections that appear in intermediate stages of the RG procedure (compare the integral I 1 introduced below). In the case of the (ii)-type integrals, however, only a single logarithm arises, because allowed frequencies ν are small, of the order of the temperature, while a double-logarithmic dependence is obtained for an (i)-a type integral I 1 , where the frequency can take large values.
In summary, we encounter two different types of contributions. For the first type, which includes (i)-a and (i)-b terms, at least one of the two energies |ν| and Dk 2 lies in the RG interval (T, 1/τ ) giving rise to logarithmic integrals I i . These corrections are well studied for the case of the density-density response function, both on a diagrammatic level and on the level of the field-theoretic NLσM. Concerning the heat density-heat density correlation function, a diagrammatic study has been presented in Ref. 6 , while the NLσM of Ref. 4 ,5 focused on the RG in the disordered Fermi liquid, i.e., in a disordered system with short-range Fermi liquid-type corrections. A common result of these studies was that the logarithmic corrections originating from the RG interval for the heat density-heat density correlation function lead to the sequence of equalities z = γ z • =z = γ z . The second type of logarithmic corrections, the (ii)-terms which originate from sub-thermal frequencies ν < T , are at the center of our interest here. For these corrections, the imaginary part of the dynamically screened interaction is relevant.
Besides these two types, there are terms that could, in principle, introduce a mass into the diffuson. They will be denoted as J-terms, for details see appendix C. Unlike I i and I h i , which enter the calculation of the dynamical part of the heat-density heat-density correlation function together with the factors Dq 2 or ω only, these terms are finite (i.e., they do not vanish) in the limit (q, ω) → 0. The J-terms arise as fragments of individual diagrams, but they have to cancel in the overall result for the correlation functions of conserved quantities. If they would persist, this would lead to a violation of the conservation laws. The cancellation of these terms is intimately related to the balance between in and out-terms in the collision integral integrated over frequencies (and for the case of the heat density correlation function also weighted with frequency).
The finite J-terms
We start with the J-terms. For the corrections arising in the density-density correlation function one gets:
These formulas are obtained from the expressions given in appendix C after performing the integration in the electronic frequencies ε. Upon expansion in Dq 2 and ω, J i (q, ω) = J ensures that the density-density correlation function remains gapless. It is instructive to interpret the cancellation in the limit (q, ω) → 0 in the language of kinetics (for a more detailed discussion see appendix D). It can be seen that it is a direct result of condition ε,r δI coll (ε, x) = 0 for the linearized collision integral, which ensures the conservation of the particle number in a kinetic formulation of the problem.
Next, let us look at the corrections arising in the heat density-heat density correlation function:
Here, the new termsJ 2 and J 3 , are finite and do not contain q and ω dependent parts. The cancellation of the J-terms, which results from the identitiesJ 2 = −J 3 in addition to J 2 = −J 1 , is now somewhat more complicated and involves the drag diagrams. In the present case, the cancellation is not guided by the number conservation or, equivalently, the absence of a mass of the diffuson, but by energy conservation. In the language of kinetics it can be seen that the cancellation is a direct consequence of the condition ε,r εδI coll (ε, x) = 0 for the linearized collision integral, which ensures the conservation of energy. Due to the importance of the identity J 1 = −J 2 , and a similar relationJ 2 = −J 3 for the heat density-heat density correlation function, we devote Appendix D to a more detailed discussion of this point. This discussion elucidates the relation between the horizontal, vertical and drag-type diagrams in the low-energy interval.
Logarithmic corrections from the RG interval
Here, we list the logarithmic corrections to χ dyn nn,0 = −2νiωD originating from the RG interval. They are encoded in the logarithmic integrals denoted as I i . Detailed derivations as well as the definitions of the appearing integrals I i can be found in Appendix C
In this list, we suppressed the arguments of D for the sake of brevity. Concerning the vertex correction χ dyn nn,4 , the list presents the correction for one individual vertex, i.e., the sum of the vertex corrections from the left and the right vertex is twice as large.
For the heat density-heat density correlation function, we find the following corrections to χ dyn kk,0 = −c 0 T iωD q,ω :
We would like to stress that those integrals in Eqs. (69) and (70), which are denoted by the same names, are not only equal but determined by the same expressions. Similar to the case of χ dyn nn , the list cites vertex correction for one individual vertex only.
Due to the presence of the window function ∆ ε,ω ≈ ω∂ ε F ε , one may set the electron frequency |ε| ≈ T in the expressions determining the integrals I i . Then one finds
with ρ = (4π 2 ν 0 D) −1 . Whereas the main contribution for the momentum integral in I 1 comes from the interval |ν|/(Dκ s ) < k < |ν|/D, for the rest of the terms relevant momenta are such that Dk 2 > |ν|. Relevant frequencies are large |ν| > T for I 1 and I D , but |ν| T for I z , I 2 , and I 5 .
Density-density correlation function: Following the logic of Sec. V, we arrange the obtained corrections to χ nn into the general form consistent with that of a correlation function of a conserved quantity. Then, from comparison with the results listed in Eq. (69), and the expression Eq. (49) we can find the corrections to the various constants characterizing this correlation function. First of all, we observe that the wave function renormalizations given by the I 1 -term in χ dyn nn,1 , and the vertex corrections δγ ρ given by χ dyn nn,4 , cancel out:
This ensures the absence of doubly-logarithmic corrections in χ nn . Furthermore, the effect of the frequency renormalization, δz = −I z , given by the last term in χ dyn nn,1 is cancelled by that of the renormalized screened Coulomb interaction, δΓ ρ = −I z , given by χ nn,2 . The only effective correction which remains after the cancelations is a correction to the diffusion coefficient in χ dyn nn,1 :
Thus, we reproduced the following (known) results: 1. The density-density correlation function in the presence of quantum corrections (albeit ignoring Fermi-liquid type corrections) reads
where the diffusion of charges is governed by the charge diffusion constant D n = D + δD. 2. Electric conductivity can be found from the relation
As a consequence of Eq. (78), the correction to conductivity is
In this way, one recovers the well-known AltshulerAronov correction to conductivity from the formalism. This correction originates from the RG interval of energies.
Heat density-heat density correlation function: A comparison of the results listed in Eq. (70) and the general corrections stated in Eq. (59) leads us to the following relations for the corrections originating from the RG interval
As it has been discussed in Sec. V, for the consistency of χ kk (q, ω) with the energy conservation law, the condition δξ 2 + 2δγ z − δz = δz is necessary. This condition is fulfilled provided that I z = I 5 . While I z and I 5 are a priori different integrals, they do coincide with logarithmic accuracy and the relation stated in Eq. (57) holds. We would like to stress that I 5 originates from the anomalous vertex correction, which only exists for χ dyn kk (and is absent for χ dyn nn ) and, therefore, the presence of the source term S ηV as already mentioned is a very important ingredient of the theory.
Thermal conductivity can be found from the formula
In the last equality we used the form of the correlation function stated in Eq. (58) as well as the relation c = c 0 z introduced before. This implies the relation
where L 0 = π 2 /3e 2 is the so-called Lorentz number.
We thus arrive at the following conclusions concerning the Wiedemann-Franz law:
1. If there were no additional corrections from the subtemperature interval, then the set of equations listed in (80) would immediately lead us to the conclusion that the WFL is fulfilled. Indeed, as one can see from the second and third relation in (80), the equalities z =z and δD = δD hold. Then the WFL remains true even in the presence of the quantum corrections originating from the RG interval.
2. In order to obtain a violation of the WFL, the inequalityzD n = zD is required to hold.
Note with respect to χ dyn kk,4 and χ dyn kk, 6 , that the list cites vertex corrections for one individual vertex only. Concerning the integrals I h i , we notice that again we can set |ε| ∼ T and thenĨ
In these integrals, relevant momenta are in the interval |ν|/(Dκ s ) < k < |ν|/D and relevant frequencies are small |ν| T ; see Sec. VI C for a general description of the I h i -terms, and Appendix C for their detailed analysis.
Since in this manuscript, we study only first order logarithmic corrections to the correlation function, the accuracy of the calculation is not sufficient to make a definite statement about the structure of the correlation function as a whole. In particular, unlike for the RG corrections, the classification of the corrections in terms of δD, δz and δγ is not unambiguous. This remains so even if we assume for the wave function renormalization that it is unchanged, δξ = δξ, and take into consideration that the specific heat c/c 0 = z is not affected by the subtemperature corrections. There still remains a degree of freedom for γ z andz within Eq. (57). The final result, of course, will not depend on the choice of presentation of the correlation function χ kk .
Here, we fix the ambiguity following the origin of corrections in Eq. (83). Then, the vertex corrections given by χ dyn kk,4 and χ dyn kk,6 cancel in total, δγ z = 0. Next, the frequency corrections to δz originating from the frequency terms in χ dyn kk,2 and χ dyn kk,3 also cancel, so that δz = 0. Thus, this procedure leads us to the following set of subtemperature corrections:
In the procedure chosen here for fixing parameters, the structure of the correlation function (i.e., the vertex corrections and frequency renormalization) are controlled by the RG-interval, while the heat diffusion constant besides the corrections from the RG interval acquires a special contribution from the sub-temperature energy range, δD h .
Only corrections from the sub-temperature regime are discussed here, therefore we can set δz = 0 when checking the consistency with the energy conservation law for χ kk (q, ω), which reduces to 2δγ z − δz = 0. Finally, according to Eq. (81), the correction to thermal conductivity reads
Violation of the Wiedemann-Franz law
From the results collected in this section we can draw the following conclusions:
1. The full heat density-heat density correlation function can be written as
where D k = (D n +δD h )/z is the heat diffusion constant, and c = zc 0 . The form presented in Eq. (87) is canonical for a correlation function of a density of a consered quantity in the presence of disorder.
Comparing corrections to the heat and electric conductivities
one gets that the Lorenz ratio is enhanced
with I h = ρ log(Dκ 2 s /T ) > 0. The positive sign of the correction indicates that for the disordered electron gas with long range Coulomb interaction heat transport is more effective than the WFL suggests.
VII. CONCLUSION
We conducted an analysis of the heat-density heatdensity correlation function in order to obtain quantum corrections to the thermal conductivity of the disordered electron gas. Our analysis focused on the role of the long-range Coulomb interaction in the diffusive limit and combined effects originating from different energy scales. RG-type corrections arise from the energy interval from the elastic scattering rate down to temperature (1/τ T ) and do not violate the WFL. Additional corrections to the thermal conductivity originate from the sub-temperature energy range. These corrections do not have an analog for electric conductivity and therefore violate the WFL. The resulting thermal conductivity exceeds the prediction of the WFL. In this sense, heat transport is more effective than charge transport. This result should be contrasted with the case of the disordered Fermi liquid, a model system with short range interactions. In the disordered Fermi liquid the WFL law is obeyed.
As for the origin of the WFL violating corrections we would like to stress that (i) the scattering processes in question involve on-shell energies ∼ T as well as the sub-temperature energy range and (ii) the relevant logarithmic integrals contain the imaginary part of the dynamically screened Coulomb interaction ImV R (k, ν). We therefore conclude that inelastic scattering is at the origin of the violation of the WFL. We checked that the correction to the heat diffusion coefficient caused by the long range Coulomb interaction is not modified by Fermi liquid interaction amplitudes. We thereby expect that the answer obtained for the correction to thermal conductivity δκ presented in Eq. (86) is final.
We studied thermal conductivity in a situation where mechanical work (e.g., radiation of acoustic waves) can be neglected. If one additionally takes the conservation of particle number into consideration, this implies that heat transport is to a large extent governed by energy conservation. Special care has been taken regarding the definition of the energy density in the presence of the long-range Coulomb interaction. As the energy density depends on the electric field, the natural definition of a local energy conservation law requires a three-dimensional setting. For finding the three-dimensional energy density we used the field-theoretic construction of the energymomentum tensor in combination with the principle of gauge invariance, which was used to lift the remaining ambiguity. These considerations naturally led to the Belinfante energy-momentum tensor. 22, 23 Finally, in order to define an effective two-dimensional energy density, we employed a projection onto the plane.
It is instructive to contrast the thermal conductivity in the diffusive limit studied in this paper with known results in the clean electron gas with Coulomb interactions 35 or in the ballistic limit. 20 In the latter cases, inelastic scattering processes are responsible for a decrease of the thermal conductivity. In contrast, the corrections in the diffusive limit lead to an increase of the thermal conductivity. The positive sign of the correction indicates that the incoming scattering processes are dominant. Loosely speaking, in the diffusive case with long-range Coulomb interaction, electrons can use the energy ∼ T from a remote region to facilitate heat transfer.
The purpose of this appendix is to derive gaugeinvariant expressions for the heat density and the heat current in the presence of the long-range Coulomb interaction. To this end, we follow the general procedure for the construction of the Belinfante tensor, 22, 23 which is used for the energy-momentum tensor in electrodynamics. We start with the Lagrangian density (Schrödinger field coupled to electromagnetic field) L = L S + L EM , where
is the Lagrangian of the non-relativistic Schrödinger field ψ with charge q and mass m coupled to the electromagnetic field A µ = (φ, A), and
is the Lagrangian of the free electromagnetic field. 36 The potentials φ and A are related to the electric and magnetic fields
µ is the field strength tensor. The relativistic notation is used for convenience only. The equations of motion obtained by a variation of the action S = dxL with respect to ψ * , ψ, A 0 = φ and A give the Schrödinger equation
and its conjugate, and the Maxwell equations ∇E = 4πρ and ∇ × B − ∂ t E = 4πj, respectively. Here, we defined the charge density ρ = qψ * ψ and the current density
The remaining two Maxwell equations, ∇B = 0 and ∇ × E + ∂ t B = 0, are fulfilled automatically through (A3). The canonical energy momentum tensor Θ µν is obtained using the invariance of the action with respect to the translation
where g µν = diag(1, −1, −1, −1). We know that ∂ µ Θ µν = 0. It means that for each ν we get a local conservation law (continuity equation). The conservation law related to the energy density is given by ∂ µ Θ µ0 = 0. We, therefore, should calculate the energy density Θ 00 and the i-th component of the energy current Θ i0 . One finds
where we defined
With the help of the Maxwell equations one can rewrite this result alternatively as
Next, we turn to the components of Θ i0 , for which we find
Again, with the help of the Maxwell equations, one can find the alternative representation
As is well known, there is a problem with the canonical energy-momentum tensor; it is neither symmetric nor gauge invariant. This is already obvious from the terms E∂ t A and (B × ∂ t A) in the expressions for Θ 00 and Θ 0i , respectively. Since the densities and currents are not defined uniquely, one can add a four-divergence to the energy-momentum tensor as
where χ fulfills the two requirements that χ σµν = −χ µσν and χ 0kν falls off fast enough at infinite spatial distances so that a certain surface terms vanish. One can therefore use the Belinfante tensor T instead of the canonical energy-momentum tensor Θ and write
Since F is antisymmetric, the relation ∂ µ T µν = 0 follows immediately. Noting that ∂ σ (F 0σ A 0 ) = −∇(φE) and
Note that u ψ is a gauge-invariant quantity, as a local phase change of ψ, ψ * can be absorbed by A. We conclude that the energy density T 00 is gauge invariant. As to the current, it can be easily checked that the combination j ε,i 0 − φj i is also gauge invariant, i.e., the transformation ψ → exp(iχ)ψ can be compensated by A → A + q −1 ∇χ and φ → φ − q −1 ∂ t χ, and so is T i0 . Note that in the absence of external fields, and neglecting fluctuating magnetic fields, which is a relativistic effect, we find agreement between the components Θ µ0 of the canonical energy-momentum tensor and the intermediate expressions j ε ? and u ? considered in Appendix B of Ref. 20 , as well as between our expressions (A14) and (A15) for the gauge-invariant energy density and current and the final expressions obtained in Ref. 20 .
Next, we specialize on the Coulomb gauge, the gauge used in the main text. It is convenient to decompose A = A + A ⊥ , with ∇A ⊥ = 0 and ∇ × A = 0. The Coulomb gauge ∇A = 0 eliminates the longitudinal degrees of freedom A = 0, so that A = A ⊥ . The electric field E = −∇A 0 − ∂ t A, in contrast, has both a longitudinal and a transversal part, E = −∇A 0 and
Then, A 0 is determined by the Poisson equation and
In the non-relativistic limit we may neglect A ⊥ (so that E ⊥ → 0 and B → 0). In this case one obtains
This is the expression for the energy density that will form the starting point for our considerations in the main text.
Appendix B: Contractions rules
We state here the contraction rules for Gaussian averages with the action S 0 of Eq. (37) . To begin with, the matrixP can be represented as a matrix in Keldysh space as
where d cl/q are two hermitian matrices. The elementary contraction derived from S 0 reads
where Here, we denotedÂ ⊥ = 1 2 (Â −σ 3Âσ3 ), and
contains both the advanced and the retarded diffusions D and D, respectively. The following second contraction rule is useful when the two matricesP stand under the same trace
One obtains
As will be discussed below, the double-logarithmic divergence arising from I 1 cancels from the density-density and the heat-density heat-density correlation function after taking all corrections into account. For the integrals I D and I z , relevant momenta lie in the interval |ν| < Dk 2 < 1/τ , and one finds
In contrast to the three I-terms in Eq. (C7), the term J 1 does not vanish in the limit (q, ω) → 0. With the accuracy relevant for the present calculation, it can be written as
The subsequent integration in the electronic frequencies ε is controlled by the window function ∆ ε,ω ≈ ω∂ ε F. Therefore, in order to obtain J 1 (q, ω), the integral J 1 (q, ω, ε) may be evaluated at |ε| ≈ T . The same remark applies to J 2 (q, ω) as well as the integralsJ 2 and J 3 . We will return to the discussion of the J-terms later in Appendix D.
Vertical diagrams
Here, we discuss the contribution corresponding to the diagram displayed in Fig. 7 and its 
Let us comment on the appearance of these additional terms. If we denote the frequency associated with the right frequency vertex as ε, then the left frequency vertex carries the frequency ε ± ν due to the finite frequency transfer ν flowing through the interaction line. Correspondingly, we can decompose the expression for χ dyn kk,2 into a part that contains the factor ε 2 and a second one that contains the factor εν. The former part is accounted for by T nn 2 , the latter part gives rise to the additional terms in Eq. (C17). The integrals I 2 andĨ h 2 are defined as
The integral I reg (ε) is not logarithmic (regular) and just listed for completeness. Let us discuss the integrals I 2 andĨ h 2 one by one. Relevant momenta in the integral I 2 are confined to the range |ν| < Dk 2 < 1/τ and one finds with logarithmic accuracy
The integralĨ h 2 is the first in a series of (ii)-type integrals that will be considered. As was explained in Sec. VI C 3, these integrals are mostly determined by momenta in the interval |ν|/(Dκ s ) < k < |ν|/D, while the integration over the frequency ν is severely limited by the combination F ε+ν + F ε−ν . As a result one gets 
Finally, let us state the integral
This integralJ 2 will be discussed further in Appendix D. Note that this term, unlike J 1 and J 2 , does not depend on q and ω.
The two classes of diagrams discussed in Sec. C 1 and Sec. C 2 contain a single (screened) interaction line. In this section we will discuss so-called drag diagrams, see Fig. 8 , which form a subclass of those diagrams with two (screened) interaction lines. The diagrams are generated from the expressions for χ dyn εε and χ dyn nn given in Eqs. (33) and (35) . It turns out that the drag diagrams do not contribute to the dynamical density-density correlation function, χ dyn nn,3 = 0.
(C23)
The full result for the drag contribution to the heatdensity heat-density correlation function reads 
The following two identities were used to obtain this result
Here, ε 1,2 = ε ± ω/2. The fermion frequency ε in Eq. (C24) is associated with the right loop of the drag diagram, while the integration in the above identities runs over the fermion frequency associated with the left loop. Upon expansion in Dq 2 and ω one finds 
Anomalous vertex corrections
We refer to those vertex corrections that originate from χ 
As we are dealing with vertex corrections, we may safely set (q, ω) → 0. When combining these two results, one finds 
The logarithmic integral I 5 is defined as
The main contribution originates from large momenta Dk 2 > ν and one easily finds
Another anomalous vertex correction arises from the drag-type diagrams of Fig. 12 (note that only the correction to the γ 1 vertex is written here) 
Using the relation
one can transform the integral to This expression for B ν (x) is a generalization of the well known relation connecting the bosonic and fermionic equilibrium distribution functions, B ν = π ν ε (1 − F ε F ε−ν ).
In equilibrium, i.e., for F ε (x) → F ε , the collision integral vanishes identically. Writing F ε (x) = F ε + δF ε (x), the linearized collision integral reads δI coll (ε, x) = −2 k,ν ReD k,ν ImV R k,ν [δF ε−ν (x)(B ν − F ε ) −δF ε (x)(B ν + F ε−ν ) + δB ν (x)(F ε−ν − F ε )] ,
where δB ν (x) = − π ν ε δF ε (x)(F ε +ν + F ε −ν ).
In the language of kinetics the conservation of the number of particles requires the vanishing of r,ε δI coll (ε, x). We will explain here that the cancellation of J-terms originating from horizontal and vertical diagrams is a result of the relation r,ε δI coll (ε, x) = 0.
In an iterative approach to the kinetic problem, which corresponds to our perturbative treatment of the screened Coulomb interaction, we next use the change in the distribution function calculated in the absence of interactions, δF coll . For the purpose of comparison, we reproduce here the integral J 1 , (C13), in the limit (q, ω) → 0, which arises from the horizontal diagrams considered in Sec. C 1:
Now note that the term containing δF ε (x) in Eq. (D3) is proportional to J 1 . In order to see this clearly, one should symmetrize the expression in ν, using the oddness of ReD k,ν ImV R k,ν . A similar operation has to be performed for the term generated by δF (0) ε−ν in order to see that it is related to J 2 = −J 1 . This operation consists of a frequency shift ε → ε + ν under the integral ε and subsequent symmetrization in ν. In summary, one finds that horizontal and vertical terms in the collision integral are determined by J 1 of Eq. (D5) and J 2 = −J 1 , respectively. The cancellation observed in the diagrammatic calculation therefore results from particle number conservation expressed though ε I corresponds toJ 2 , i.e., it originates from the vertical diagrams, the second term corresponds to the contribution from the drag diagram, i.e, to J 3 . To see this clearly, one should insert the identity (C48) into the definition of J 3 , Eq. (C29), which becomes
This concludes our discussion of the cancellation of constant terms for the calculation of the heat density-heat density correlation function.
